We obtain highly accurate solutions to the Thomas-Fermi equations for atoms and atoms in very strong magnetic fields. We apply the Padé-Hankel method, numerical integration, power series with Padé and Hermite-Padé approximants and Chebyshev polynomials. Both the slope at origin and the location of the right boundary in the magnetic-field case are given with unprecedented accuracy.
Introduction
The Thomas-Fermi model is one of the simplest approaches to the study of the potential and charge densities in a variety of systems, like, for example, atoms [1] [2] [3] [4] [5] [6] , molecules [4, 7] , atoms in strong magnetic fields [6, [8] [9] [10] [11] , metals and crystals [12, 13] and dense plasmas [14] . For this reason there has been great interest in the accurate calculation of the solution to the ThomasFermi equation [1, 3, 5, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In particular the accurate results obtained by Kobayashi et al [3] by numerical integration are commonly chosen as benchmark data for testing other approaches. The even more accurate results of Rijnierse do not appear to be so well known, probably because they do not appear to have been published and are only quoted in the book by Torrens [5] .
The behaviour of the solution to the nonlinear Thomas-Fermi equation depends on the slope at the origin. The critical slope at the origin suitable for neutral atoms is of particular interest and has been estimated by many authors (see, for example, Kobayashi et al [3] ). Particularly accurate results for this critical slope were obtained by Amore and Fernández [19, 20] and later by Fernández [21, 22] using the Padé-Hankel method (PHM). Abbasbandy and Bervillier [23] considerably improved this estimate by means of a judicious analytic continuation of the expansion of the solution about the origin and Boyd [24] reported an even more accurate result obtained by means of a rational Chebyshev series. Other authors have also resorted to Padé approximants in order to approximate the solution to the Thomas-Fermi equation [25, 26] . It has been shown that a method due to Majorama is suitable for obtaining a semi-analytical series solution to the Thomas-Fermi equation in terms of only one quadrature [27] .
The analytic properties of the solution of the Thomas-Fermi equation under different boundary conditions (in addition to the physically relevant ones) are also of great interest and have been studied by several authors (see, for example, Hille [28, 29] and the references therein).
The purpose of this paper is twofold. First, we want to stress the different behaviour of the solution of the Thomas-Fermi equation for atoms and atoms in strong magnetic fields that was overlooked in a recent application of the PHM [22] . More precisely, in his application of the PHM Fernández [22] assumed the incorrect asymptotic behaviour at infinity suggested by Banerjee et al [8] . However, since the PHM does not take into account the second (outer) boundary condition explicitly Fernández obtained an accurate slope at the origin. The PHM is based on the Riccati-Padé method that was developed to obtain bound states and resonances of separable quantum-mechanical problems [31] [32] [33] [34] [35] [36] [37] [38] [39] .
Our second goal is to show that the available computer-algebra software enable one to solve the Thomas-Fermi equations (and, certainly, other nonlinear equations as well) with great accuracy. We want to provide sufficiently accurate solutions that may be used as benchmark data for testing future analytical or numerical methods.
Boyd [24] obtained the most accurate critical slope at the origin of the solution to the Thomas-Fermi equation for neutral atoms by means of rational Chebyshev series. In this paper we try the Chebyshev polynomials on the equation for neutral atoms in very strong magnetic fields.
In Section 2 we outline the expansions of the solution to the Thomas-Fermi equation about origin, at infinity, about poles and zeroes/branch points. Such expansions have already been discussed by other authors and also used as aids for obtaining approximate analytical solutions as well as accurate numerical results [1-3, 5-7, 16-18, 23, 25, 28, 29] . The main purpose of this section is to stress the difference between the Thomas-Fermi equations for isolated atoms and atoms in strong magnetic fields. In section 3 we describe the accurate results obtained by means of the PHM and from straightforward integration of the differential equations. In Sec. 4 we discuss the application of two power series and their Padé and Hermite-Padé approximants to the Thomas-Fermi equation for a neutral atom in a magnetic field. In Sec. 5 we apply Chebyshev polynomials to the same problem and in Sec. 5.2 we consider analytical results based such polynomials of small degree. Finally, in Sec. 6 we draw conclusions.
Expansions for the solutions to the Thomas-Fermi equations
In order to facilitate the discussion and to make this paper clearer in this section we summarize the well known expansions of the Thomas-Fermi equations about some characteristic points. As indicated above, such expansions are well known and have been widely used by other authors for several different purposes [1-3, 5-7, 16-18, 23, 25, 28, 29] .
In this paper we restrict ourselves to the simplest cases. The first one is the Thomas-Fermi equation for an atom
It can be expanded about origin as
where a = u ′ (0) < 0 is the unknown slope at the origin.
There is a critical slope u 
where s = (x q − x)/x q and b is a constant.
If u ′ (0) > u ′ 0 the solution decreases and reaches a minimum at x = x m about which it behaves as
where s = (x m − x)/x m and a 0 is a positive constant.
After this minimum the solution increases and tends to infinity because of a movable singularity at x = x s about which it behaves as
where s = (x s − x)/x s . Abbasbandy and Bervillier [23] derived an alternative and more detailed expansion in terms of the variable z = x 1/2 for the function g(z) = u(z 2 ).
It is also well known that x q → ∞ as u ′ (0) → u ′ 0 from the left and x m , x s → ∞ as u ′ (0) → u ′ 0 from the right. At this limit the solution tends monotonically to zero according to u = 144
where d is a constant. There have been reasonably successful attempts at matching the expansions (2) and (6) by means of appropriate nonlinear transformations of the independent variable [17, 18] .
From a physical point of view the zero at x = x q (see the expansion (3)) is the radio of an atom if
where N is the number of electrons, Z is the atomic number and q is the degree of ionization (note that N < Z). For a neutral atom (q = 0) the boundary condition u(x 0 ) = u ′ (x 0 ) = 0 takes place at x 0 = ∞ as indicated above for the case u
Abbasbandy and Bervillier [23] argued that the PHM applies successfully to this problem because the Hankel condition sends the movable singularity at x = x s to infinity.
The Thomas-Fermi equation for an atom in a strong magnetic field is (Tomishina and Yonei [9] proposed a somewhat more realistic model that we do not discuss here)
In this case the expansion about the origin is given by
where a = u ′ (0). As in the preceding case the behaviour of the solution depends on this slope at the origin that also exhibits a critical value u 
If u ′ (0) > u ′ 0 the solution exhibits a minimum at x = x m around which it behaves as
where s = (x m − x)/x m and a 0 is a constant.
The main difference between this equation and the preceding one is that in this case the pole is located at infinity. For large values of the coordinate the solution behaves as
where c 0 is a constant.
When u ′ (0) = u ′ 0 the solution and its first derivative vanishes at x = x 0 according to the expansion
where s = (x 0 − x)/x 0 . The location of the minimum x m approaches x 0 from below as u ′ (0) approaches u ′ 0 from above. The zero/branch point x q also approaches x 0 from below as u ′ (0) approaches u ′ 0 from below. However, the function is analytic at x = x 0 when u ′ (0) = u ′ 0 as shown in Eq. (13) . The solution with the critical slope at the origin also tends to infinity as x → ∞ according to equation (12) . According to Banerjee et al [8] the universal solution corresponding to neutral atoms (N = Z) satisfies u(x 0 ) = 0 and u ′ (x 0 ) = 0 at x 0 = ∞. Based on this conjecture Fernández [22] applied the PHM and obtained a somewhat more accurate value of u ′ 0 . However Hill et al [11] showed that x 0 is finite and can be related to x q by means of a perturbation expansion of the form.
which clearly shows that x q approaches x 0 from below as q → 0 (and u ′ (0) → u ′ 0 from below). They confirmed this result by numerical integration of Eq. (8).
In the two cases discussed above the PHM yields the correct critical slope at the origin disregarding the second boundary condition. In the first example both u(x) and u ′ (x) vanish as x → ∞, while in the second example they vanish at a finite value x 0 of the independent variable. Abbasbandy and Bervillier [23] suggested that the success of the PHM is based on "forcing the localization at infinity of a movable singularity (when it exists)". They also stated that "if the second boundary is located at infinity, the PHM has a particular significance". The success of the PHM for the Thomas-Fermi equation (8) shows that the approach is also suitable when the second boundary condition takes place at a finite point. In this case the movable singularity pushed to infinity may be the zero/branch point x q discussed above (Eq. (10)). It was shown that x q approaches x 0 as u ′ (0) approaches the critical slope but it may jump to infinity when u ′ (0) = u ′ 0 leaving the solution analytic at x 0 as discussed above. We cannot prove this conjecture rigorously but we believe that it sounds plausible.
PHM and numerical integration
We first review the main points of the PHM. Following Amore and Fernández [19] [20] [21] [22] we choose the new variables x = t 2 and v(t) = u(t 2 ). The function v(t) can be expanded in a Taylor series
where the coefficients 
We carried out PHM calculations for values of D greater than those used before [22] and also numerical integration based commands built in Mathematica together with the bisection method. We describe the results in what follows.
There are far too many results for the critical slope of the solution to the Thomas-Fermi equation for neutral atoms. Table 1 just shows the most accurate ones. Present PHM result was estimated from sequences of roots of the Hankel determinants with D ≤ 60 and d = 3.
The Thomas-Fermi equation for a neutral atom in a strong magnetic field has not been so widely studied. Table 2 shows the available critical slopes at origin. Present PHM result was estimated by comparing results with D ≤ 60 and d = 1, 3. The PHM exhibits a much greater rate of convergence for this problem.
In order to provide benchmark data for testing other approaches in the future we have calculated u(x) and u ′ (x) for Eq. (1) and u(x) for Eq. (8) as accurately as possible using straightforward numerical integration. In principle, we can resort to the analytical behaviour of the solutions described in section 2 in order to bracket the slope at origin u ′ 0 with any desired accuracy. However, in the present case we have remarkably accurate values of the critical slope at origin obtained by other methods and, therefore, we proceeded in a different way that we describe in what follows.
A sufficiently accurate value of the slope at origin for the Thomas-Fermi equation obtained in this paper is u ′ (0) = −1.588071022611375312718684508. We calculated the values of u(x) and u ′ (x) by means of the command NSDolve built in Mathematica with different accuracy choices to test the precision of the numerical results. We tried three sets of parameters:
• Case I: WorkingPrecision=300; PrecisionGoal=20;AccuracyGoal=20; • Case II: WorkingPrecision=1000; PrecisionGoal=50;AccuracyGoal=50; • Case III: WorkingPrecision=1000; PrecisionGoal=60;AccuracyGoal=60; and carried out the numerical integration through the interval (0, 1000).
In addition to the straightforward comparison of the results for those three sets it is also necessary to determine the effect of the error due to the approximate choice of u ′ 0 . With this purpose in mind we also carried out the calculations with slightly modified critical slopes:
The maximum difference between the values of u(x) obtained with sets I and III at all the chosen points was found to be of order 10 −14 , while such difference for sets II and III was 2 × 10 −20 . On the other hand, even considering less accurate set I, we found that the maximum difference between values of u(x) calculated with u ′ L (0) and u ′ R (0) was of the order of 10 −17 . Thus we conclude that set I yields sufficiently accurate results with the critical slope at origin shown above.
A sample of the results is shown in tables 3, 4 and 5, and a considerably wider range of values is available elsewhere [30] . From the numerical analysis outlined above we are confident that all the digits in those tables are exact.
Power-series approaches

Power-series for the original equation
the function is analytic at x = x 0 and numerical experimentation suggests that the Taylor series (13) converges over the whole domain of interest, even at the left endpoint x = 0. It is convenient to rescale the coordinate by defining s = (x 0 − x)/x 0 so that x = 0 corresponds to s = −1. Therefore we may try to calculate the parameters u ′ 0 and x 0 by means of the sequences of partial sums
and the conditions u
Since the singularity at s = −1 (x = 0) is proportional to x 5/2 (see Eq. (9)) the coefficients c j decrease as O(j −7/2 ) and the error of the M −th partial sum falls proportionally to M −5/2 . For example, in this way we obtain x 0 ≈ 3.06882 that is correct for five digits versus the actual value x 0 ≈ 3.068857. It is remarkable that a power series is able to yield any accuracy at all for a nonlinear, singular boundary value problem.
Quadratic Padé approximants
Accelerating the convergence by applying ordinary Padé approximations produced no improvement because the function u has a branch point at the left boundary, precisely where we are summing the series to approximate u ′ (0). However, the so-called "Hermite-Padé" or "Shafer" approximation is much more successful.
The quadratic Shafer approximant u[K/L/M](s) is defined to be the solution of the quadratic equation [49-52]
where the polynomials P , Q and R are of degrees K, L and M, respectively. These polynomials are chosen so that the power series expansion of u[K/L/M](s) agrees with that of u(s) through the first N = K + L + M + 1 terms. The constant terms in P and Q can be set arbitrarily to one without loss of generality since these choices do not alter the roots of the equation, so the total number of degrees of freedom is N = K + L + M + 1. As true for ordinary Padé approximants, the coefficients of the polynomials can be computed by solving a matrix equation and the most accurate approximations are obtained by choosing the polynomials to be of equal degree, so-called "diagonal" approximants. Because the power series begins with s 4 , the method was applied toũ ≡ u(x[s])/(x 5 0 s 4 in the coordinate s; the eigenparameter is then estimated from
The quadratic equation actually yields two approximations:
as illustrated for K = L = M = 16 in Fig. 1 ; the root obtained from applying the minus sign in front of the radical is spuriously negative on much of the interval
Plotting the residual functions as in Fig. 2 shows that the "physical" root is the plus sign in (19) ; the residual function is tiny for the plus root but O(1) for the negative root. One warning is that, like ordinary Padé approximants, HermitePadé computations are rather ill-conditioned. We therefore employed Maple so that much of the work was done in exact rational arithmetic, and floating points portions were calculated using 60 decimal digits of precision; we did not investigate ill-conditioning.
The first surprise is that both solution branches of the Hermite-Padé converge to almost the same values as s ↔ −1. We therefore list the errors of the diagonal Shafer approximants for x 0 from both solutions in Table 6 . The table also gives the error of the power series up to order N from whence the HermitePadé approximations were obtained. We noticed that the errors of the two branches are roughly equal and opposite; we therefore also list the error in theaverage of the two roots of the quadratic. Each of the roots of the quadratic is a much better approximation than the power series.
In other applications of Hermite-Padé approximations, the roots converge to separate modes, such as one root to the ground state eigenvalue and the other to the first excited state. Here, however, both roots converge to the unique eigenparameter and their average is extraordinarily accurate. We are unaware of another profitable use of averaging in Hermite-Padé approximations.
The second surprise is that when K ≥ 17, the diagonal approximant develops a spurious singularity in the middle of the spatial interval for both branches as illustrated in Fig. 3 . Except in a narrow neighborhood of the singularity, the residual function for one branch is very tiny as illustrated in Fig. 4 . It has long been known that ordinary Padé approximants may develop similar spurious singularities even at high order and even in spatial regions where the approximants have started to converge; the difficulty is not due to roundoff error, but rather to a near-coincidence of zeros in the numerator and denominator of the rational function which is the Padé approximant [43, 44] . Similarly, the three coefficients of the Hermite-Padé quadratic and also the discriminant, which is the argument of the square root in the approximations, all have nearly coincident zeros as illustrated in Fig. 5 . The branches also switch identities at the singularities so that the physical solution is given by the "plus" branch on one side of the singularity and by the "minus" branch on the other side.
This difficulty is not as serious as it seems. Both branches and their average continue to give superb approximations to the eigenparameter x 0 . The ordinary power series converges exponentially fast in the middle of the spatial interval where the Hermite-Padé fails.
The third surprise is that when the order of the approximant is thirty or larger, both roots predict complex-valued x 0 . When K = L = M = 30, for example, the two branches of the quadratic give errors in x 0 of 0.199 × 10 −23 + i0.166 × 10 −15 . The imaginary parts cancel when the average is taken, leaving the extraordinarily small and real valued average error of about 0.2 × 10 −23 ! Thus, in spite of the three surprises, which are also complications, and need for high precision arithmetic at high order, the Hermité-Padé acceleration of the right endpoint Taylor series is very successful.
Power-series for a modified equation
We can improve the results by removing the singularity through a convenient transformation of the differential equation (8) . Instead of the variables discussed above it is more convenient for our aims to choose x = x 0 z 2 and v(z) = u(x 0 z 2 ) so that the differential equation becomes
In this way the domain size x 0 appears as a sort of eigenparameter x 0 .
Fig 6 compares the two functions u(x) and v(z).
We can thus obtain x 0 and u [43] [44] [45] . Tables 7  and 8 show the parameters u ′ 0 and x 0 calculated by means of the partial sums (21) and their Padé approximants. The rate of convergence is remarkable for a power-series approach to a nonlinear problem.
Chebyshev Pseudospectral Method
We have also written a program that solves the Thomas-Fermi equation using the Chebyshev pseudospectral method and Newton iteration. Because it is so similar to an earlier for the Lane-Emden equation, we omit the details [48] .
Calculations of large order
The solution is approximated in the form
The Chebyshev polynomials can be conveniently evaluated by T n (z) = cos(n arccos(z)) or by the usual three term recurrence relation [47] .
Newton's iteration, which was used to solve the system of quadratic equations for the unknowns (x 0 , a 0 , a 1 , . . . a N ), requires and initialization or "first guess". We found that a first guess for x 0 ∈ [2, 6] combined with the lowest term in the power series, v ≈ x 5/2 0 (z − 1) 2 /3, suffice to give rapid convergence without underrelaxation.
The Chebyshev coefficients converge geometrically as illustrated in Fig. 7 with a n ∝ exp(−nµ) where µ is between 1.4 and 1.42. All the Chebyshev coefficients larger than 10 −15 listed in Table 9 . The Chebyshev series converges much more rapidly than the power series about the right endpoint as illustrated in Fig. 8 .
Based on the trends in the Chebyshev calculations, we believe the following results are accurate to all 50 decimal places shown.
Semi-Analytical Solutions: Chebyshev Polynomial Methods for Small N
The most efficient spectral representation is one that incorporates all three boundary conditions into the approximation in a form independent of the spectral coefficients d n :
where we have used the identity sign(T n (−1)) = −sign(T n+1 (−1)) for all n. 
The coupled system of two equations in two unknowns is the pair of equations resid (1/ This, with substitution of each λ root in turn back into one of the residual conditions to determine d 1 , yields the three solutions:
The first solution is graphed in figure 9 ; the other two are spurious.
For small N, the Maple "solve" command will find all the finite solutions to the system, here 2 N +1 − 1 in number. In this work, the physical solution was identified as that solution with the eigenparameter λ closest to known values found by other means. When no such a priori information is available, a tedious but reliable procedure is to substitute each solution into the differential equation to calculate the residual, and accept the solution with the smallest residual norm. If multiple solutions are suspected, a good strategy is to use each small-Nsolution as a first guess for the Newton pseudospectral code at higher-resolution.
Maple's system solver is very slow and failed for N = 5; in contrast, the Newton/collocation program needed only 60 seconds to calculate for N = 100 in 100 decimal place arithmetic. However, the Maple code that exploits the "solve" command is much shorter and is given in its entirety in Table 10 .
The numerical results, including coefficients up to and including d N , are in Table 11 and Fig. 9 . Note that only the N = 1 approximation, obtained by solving a pair of equations for (λ, d 1 ), is graphically distinguishable from the exact v(z). The success of such low truncations emphasizes the smoothness of the Thomas-Fermi solution in the transformed coordinate z and unknown u. it also illustrates that spectral methods can often be used in a semi-analytical mode as described further in [46] and Chapter 20 of [47] .
Conclusions
We have shown that the PHM converges for two Thomas-Fermi equations that exhibit quite different boundary conditions. In the case of neutral isolated atoms we have u(x → ∞) = 0 and u ′ (x → ∞) = 0 while, on the other hand, u(x 0 ) = 0 and u ′ (x 0 ) = 0 apply to the neutral atoms in very strong magnetic fields. If the success of the PHM depends on the existence of a movable singularity that the approach can push to infinity in the form of a zero of the denominator of the Padé approximant [23] , then it seems that two different kinds of singularities are involved in the problems just outlined. According to Abbasbandy and Bervillier [23] , in the former case such singular point is precisely the pole x s (see Eq. (5)). However, in the latter case the only candidate appears to be the zero/branch-point x q (see Eq. (10)). Besides, in this case the rate of convergence of the PHM is remarkably larger.
Present PHM calculations of the critical slope at the origin are quite accurate but the generation of analytic Hankel determinants of dimension as large as D = 60 is time consuming. However, the rate of convergence is commonly so great that one can obtain reasonably accurate results from determinants of relatively small dimension. This feature of the PHM was already exploited by Abbasbandy and Bervillier [23] to estimate the parameters of the conformal mapping used in the analytical continuation of the power series. tion quite efficiently and accurately by means of suitable built in commands. Such results are shown in tables 4, 4 and 5. However, we found the PHM more convenient for the accurate calculation of the slope at the origin as shown in tables 1 and 2.
In the case of the Thomas-Fermi equation for a neutral atom in a very strong magnetic field we have shown that the power-series expansion about the zero of multiplicity two at x 0 is a suitable way of obtaining reasonably accurate approximants to the solution over the entire physical interval 0 < x < x 0 . The results can be slightly improved by means of Padé approximants and considerably improved by means of Hermite-Padé approximations, even when the latter exhibit a singular point or yield complex results at large orders of approximation. If we remove the singularity at origin by means of a suitable transformation both the power series and its Padé approximants lead to remarkably more accurate results.
Finally, we have proved once more that the Chebyshev polynomials are by far the most accurate and efficient way of solving this type of equations. In this application we resorted to another computer-algebra software, Maple. Table 6 Errors in Eigenlength x 0 for the magnetic case, obtained from right endpoint power series and Hermite-Padé approximation for u(x) Table 9 Chebyshev coefficients of the solution to the magnetic case of the Thomas-Fermi equation Table 10 Maple 
